(l -θ) . The coefficients in (1.3) are rational numbers. It is therefore of some interest to look for arithmetic properties of these numbers.
It will be convenient to change the notation slightly. Put We shall show that
where ί? is an arbitrary prime and that
and indeed (1.12) A 2n+9 = A an+1 (mod 16) .
We also find certain congruences (mod p) for a sequence of integers e 2n related to the A 2n+1 (see Theorems 2 and 3 below).
Finally we put
and obtain a theorem of the Staudt-Clausen type for the β 2n , namely
where G 2w is an integer, b = 2 or 1 according as % Ξ 1 or ΐ 1 (mod 3) and the summation is over all primes p > 3 such that p -l/2w... Moreover
2. A series of the form [2] (2.1)
where the a n are rational integers, is called a Hurwitz series, or briefly an iί-series. It is easily verified that sum, difference and product of two ίf-series is again an fl-series. Also the derivative We now compute the coefficient of u p /pl in the left member of (2.6). Clearly the terms with 1 ^ n < (p -l)/2 contribute nothing. Hence (2.6) yields
Using (2.4) this becomes (2.7)
A p = ~(~l) w 1.3.5...(ί>-2) (mod p) , or if we prefer
where p = 2m + 1 and (2/p) is the Legendre symbol. For example we,have A 5 Ξ -1. 3 = 2 (mod 5) , A 7 = 1. 3. 5 Ξ= 1 (mod 7) , A n = 1. 3. 5. 7. 9 = -1 (mod 11) .
We consider next the residue (mod p) of A p+2n .
If 2n < p we have
by a familiar property of multinomial coefficients. Thus (1.9) implies, (for 2n < p) 
It follows that
A little manipulation yields
and we get 3. We may rewrite (1.8) as
Differentiating again and using (1.7) we get
it is clear that (3.2) implies g'"(u) = 1 + 2g\u) (mod 3) .
On the other hand (1.7) gives
We have therefore
Comparison with (1.6) yields
If we differentiate (3.2) two more times we get Since by (1.7)
This is equivalent to
Since Λ = A 3 = 1, (2.6) implies
It is clear from (3.1), (3.2) and (3.5) that
where ψ n (z) is a polynomial of degree n in z with positive integral coefficients. Differentiating (3.8) we find that ψ n (z) satisfies the recurrence (3.9) ψ n (z) = φ'n-άz) + nzψ n^( z) .
We shall require the residue (mod p) of ψ p^( z). It is not evident how to obtain this residue using (3.8) and (3.9). We shall therefore use a different method.
The writer has proved [1, §6] We notice also that repeated application of (3.18) yields
in particular we have for k = p
It is also easy to extend (3.20) to
Indeed it follows from (3.23) and (3.18) that
Note that (3.23) does not hold for fc = 0. We may state the following theorem which supplements Theorem 2.
THEOREM 3. The coefficients e 2n defined by (2.12) satisfy (3.21), (3.22) and (3.23).
4 We now derive congruences for A 2n+1 (mod 8). From the first of (3.5) we have This result can however be improved without much difficulty. Working modulo 16 we find that the f n {z) defined by (3.8) and (3.9) satisfy
note that the ψ n (z) are here treated as finite iϊ-series. Then by (3-8)
This is equivalent to 
